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Abstract
We show that in a Complementary two-Higgs doublet model(C2HDM) the CP
violating phase in the CKM matrix can be generated spontaneously, dangerous
FCNC can be naturally suppressed and the strong CP problem can also be avoided.
The two Higgs doublets in the model are complementary in the sense that none
of them is enough to describe masses of a given type of quarks. We find that the
strength of FCNC is suppressed by the strength of Yukawa couplings of the first
generation quark and the tree-level FCNC is sufficiently small. Using an explicit
example, we show that radiative correction to the assumed Yukawa couplings can
modify the discussion about the strong θ. The correction to the strong θ is estimated
to be less than around 10−12 ∼ 10−10 which can be tested in future experiment.
1 Introduction
One of the deep mysteries of particle physics is the origin of CP violation. On one hand,
CP symmetry is found to be broken in flavor changing processes of K and B mesons. CP
violating phenomena so far measured are successfully explained by the CP violating phase
in the complex Cabibbo-Kobayashi-Maskawa(CKM) matrix in the Standard Model(SM)
. On the other hand, the strong CP phase θ in
∆L = αs
8π
θGµνG˜
µν , (1)
another possible source of CP violation in SM, has not been observed in experiment. On
the contrary, this strong θ is found to be θ <∼ 10−10 ∼ 10−9, in measurements of Electric
Dipole Moment(EDM) of neutron, mercury etc. [1]
The problem is quite challenging in view of the fact that the CP violating phase in the
CKM matrix arises from complex Yukawa couplings of quarks. These complex Yukawa
couplings are natural to have non-zero flavor diagonal phases which can contribute to the
physical strong θ. More specifically, after spontaneous breaking of the SU(2)L × U(1)Y
gauge symmetry, the mass terms of quarks in the SM are generated as
Mu,d = Y u,d v, (2)
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where Y u,d is the Yukawa coupling of up(down)-type quarks, v = 246/
√
2 GeV the vacuum
expectation value of the Higgs doublet in the SM. Performing re-definitions of left-handed
and right-handed fields separately and diagonalizing the mass terms, one can get the CKM
matrix in charged current interaction of left-handed quarks. Meanwhile, the chiral U(1)
part of the field-redefinition would transform the θ term so that the presence of these
complex mass terms or Yukawa terms would give a contribution to the physical strong θ
θ = θ0 + arg(det(M
uMd)), (3)
where θ0 is the θ term before receiving correction. One would naturally expect the second
term in (3) is not zero if Y u,d(or Mu,d) are complex matrices. So a very large fine-tuning
between the two terms in (3) is required to achieve a value of θ as small as <∼ 10−9. In
particular, a large fine-tuning seems un-avoidable if CP symmetry is broken explicitly as
in the SM. ∗ This is the so-called strong CP problem [2].
One approach to understand the origin of CP violation is spontaneous breaking of
CP symmetry [4]. In this approach, CP symmetry is exact and the θ term is zero before
the symmetry is broken spontaneously. So spontaneous breaking of CP symmetry is a
possible solution to the strong CP problem [5, 6, 7], and the strong θ can be calculable in
some new physics models. Moreover, it was shown by some authors that the CP violating
phase in the CKM matrix can be generated spontaneously [8, 9]. Although this is a very
interesting approach to understand the origin of CP violation, it’s not straightforward to
see whether the complex quark mass matrices generated in this kind of model can still
give a zero contribution to the θ term after the CP violating phase in the CKM matrix is
generated spontaneously.
In this paper, we are going to pursue the idea of spontaneous generation of flavor
non-diagonal CP violating phase in the CKM matrix and study the strong θ term in this
approach. We will show that the CP violating phase in the CKM matrix and a zero or very
small strong θ can be obtained simultaneously in a model of spontaneous generation of CP
violation. First, we will show, using an explicit toy model, that the flavor non-diagonal
CP violating phase in the CKM matrix can be generated spontaneously. Since more than
one Higgs doublets are needed in order to implement spontaneous CP violation, Yukawa
couplings can be very complicated in general and dangerous Flavor Changing Neutral
Current(FCNC) processes could be generated. We show that there are some cases for
which FCNC processes can be naturally suppressed. Since CP symmetry is exact before
spontaneous breaking, the initial strong θ0 is zero. We show that the strong θ can still
be zero in such kind of model even when the CP violating phase in the CKM matrix is
generated spontaneously. We also study radiative corrections to Yukawa couplings and
∗If making an extra assumption that there is no flavor-diagonal phase in complex Yukawa couplings,
one can ignore this fine-tuning problem. In this case, flavor non-diagonal phase in CKM matrix can still
contribute to strong θ through radiative correction. But the first nonzero correction appears in 4th order
in loop and is of order 10−16[3]. We do not study this case concerning the CP violation in the SM.
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check the robustness of the above statement against possible radiative corrections. We
find that θ is smaller than around 10−12 ∼ 10−10 in a particular model.
2 Spontaneous generation of flavor changing CP violating phase
In this section we show that the CP violating phase in the CKM matrix can be generated
spontaneously. We assume that CP symmetry is exact before spontaneous symmetry
breaking. So Yukawa couplings are real and initial strong θ0 is zero.
Spontaneous CP violation in general involves more than one Higgs doublets, e. g.
the two Higgs doublets φ1 and φ2. A general Lagrangian with two Higgs doublets which
can give rise to a spontaneous generation of CP violating phase has been discussed in
literature, e.g. in a recent paper [10]. In the present article we are not going to elaborate
on this Lagrangian. Instead, we assume that a spontaneous breaking of CP symmetry and
a suitable CP violating phase can be achieved with a suitable Lagrangian. We assume
that φ1 and φ2, both having hypercharge −12 , develop vacuum expectation values after
spontaneous symmetry breaking
〈φ1〉 = (v1, 0)T , 〈φ2〉 = (v2, 0)T , (4)
where v1 and v2 are complex in general and they satisfy |v1|2 + |v2|2 = v2. φ1 and φ2 can
both couple to quarks:
−∆L = Q¯Y u
1
φ1uR + Q¯Y
u
2
φ2uR + Q¯Y
d
1
φ˜1dR + Q¯Y
d
2
φ˜2dR, (5)
where Q is the field of the left-handed quark doublet, uR and dR the fields of right-handed
up-type and down-type quarks. φ˜1,2 = iσ
2φ∗
1,2. Flavor indices have been suppressed in
(5). Y u,d in (5) are all real matrices so that CP symmetry is not broken explicitly. After
spontaneous symmetry breaking the mass matrices of quarks are obtained as
Mu = Y u
1
v1 + Y
u
2
v2, (6)
and
Md = Y d
1
v∗
1
+ Y d
2
v∗
2
. (7)
Complex values of v1 and v2 in general make M
u,d complex. So there is a possibility to
get the flavor non-diagonal phase in the CKM matrix from this setup [8, 9]. However, it
is complicated to show that this can be achieved in general cases. In the following, we
will use an explicit example to show that this can be achieved.
An explicit example of spontaneous generation of the flavor non-diagonal CP violating
phase in the CKM matrix can be given by couplings as follows
Y u
1
=

1 0 00 0 0
0 0 0

K†
23
gu, Y u
2
=

0 0 00 1 0
0 0 1

K†
23
hu, (8)
3
and
Y d
1
= K13

1 0 00 0 0
0 0 0

K12 gd, Y d2 = K13

0 0 00 1 0
0 0 1

K12 hd, (9)
where gu,d and hu,d are diagonal matrices with real eigenvalues and they are taken as
gu,d = yu,d v/|v1|, hu,d = yu,d v/|v2| (10)
where yu and yd are diagonalized real Yukawa couplings appearing in the SM. K12,13,23
are standard rotation matrices in the standard parametrization of the CKM matrix with
rotation angles appearing in 1-2, 1-3 or 2-3 entries. In the following, we will take sij
and cij as the sine and cosine of the rotation angle θij in the matrix Kij . We note that
Yukawa couplings in (8) and (9) can be re-defined subject to rotations as Y ui → OLY ui Ou
and Y di → OLY di Od where OL,u,d are real rotation matrices, and results presented in this
article are kept intact under this re-definition.
We can see in (8), (9) and (10) that the strength of the Yukawa couplings can be much
larger than that in the SM. In particular, if |v1| ≪ v, e.g. |v1| ∼ 0.1v, strength of Y1 can
be ten times larger than in the SM, while the strength of Y2, the couplings with the second
and third generation of quarks would remain almost the same as in the SM. Measurements
of the Yukawa couplings of the third generation quark, which are so far consistent with
the SM prediction [1], would put a constraint on this model. This constraint says that
|v2| should be much larger than |v1|. So we can conclude in this model that the strength
of the Yukawa couplings of the first generation quark should be much larger than that in
the SM.
The CP phases in v1 and v2 are subject to re-phasing of scalar fields and can be taken
in v1:
v1 = |v1|e−iδ, v2 = |v2|. (11)
So we can find that
Mu = V uLm
u, mu = yuv, (12)
and
V uL =

e
−iδ 0 0
0 1 0
0 0 1

K†
23
(13)
for up-type quarks, and
Md = V dLm
d, md = ydv, (14)
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and
V dL = K13

e
iδ 0 0
0 1 0
0 0 1

K12, (15)
for down-type quarks. In writing out (12) and (14), (10) has been used.
So we can get the CKM matrix
K = V u†L V
d
L = K23

e
iδ 0 0
0 1 0
0 0 1

K13

e
iδ 0 0
0 1 0
0 0 1

K12. (16)
It is equivalent to the standard parametrization of the CKM matrix [11, 1] via a vector-like
transformation of up quark which does not change θ. That is, with
uL → e2iδuL, uR → e2iδuR (17)
we can get the standard parametrization of CKM matrix
K → K = K23

e
−iδ 0 0
0 1 0
0 0 1

K13

e
iδ 0 0
0 1 0
0 0 1

K12. (18)
We conclude that spontaneous generation of the CP violating phase in the CKM
matrix can be achieved in model described in this article. We use an explicit example
to show this possibility. In particular, we show that spontaneous generation of the CP
violating phase in the CKM matrix can be achieved using matrices of Yukawa couplings
with rank less than three.
3 FCNC and strong θ term with spontaneous generation of CP
violation
In this section we show how FCNC can be suppressed in the model presented in the
present article. We then show how strong CP problem is avoided.
One of the main problem associated with (6) is the that unitary transformations
that diagonalize the mass matrix (6) do not necessarily diagonalize the Higgs couplings to
quarks in (5). So tree level FCNC could be present and this type of theories of spontaneous
generation of CP violation may encounter difficulty in this aspect, as pointed out in [12]
for model presented in [8].
We show how dangerous FCNC can be avoided. Taking
Mu,d =Mu,d
1
+Mu,d
2
(19)
5
where Mu
1,2 = Y
u
1,2v1,2 and M
d
1,2 = Y
d
1,2v
∗
1,2, we assume M
u,d
2
is the dominant contribution
to Mu,d, i.e.
||Mu,d
1
|| ≪ |Mu,d
2
||. (20)
Note that M1 or M2 is proportional to real matrix Y1 or Y2 and diagonalizing M1 or M2
does not need complex matrices. So diagonalizing M1 or M2 does not change strong θ
and we can work in a base that one of M1 and M2 is diagonalized. In this base non-zero
elements of Mu,d
1
can be taken at most at order of mu,d with mu,d being the masses of up
and down quarks.
Taking Mu,d
2
as rank two and working in the base that Mu
2
is diagonalized
Mu
2
= diag{0, x2, x3} (21)
we can write
Mu =

x11 x12 x13x21 x22 + x2 x23
x31 x32 x33 + x3

 , (22)
where xij comes from M
u
1
. In this form of mass matrix, (20) means |xij | ≪ x2,3 for Mu1
and Mu
2
. In particular, non-zero xij would be at most of order mu. x2 ≈ mc and x3 ≈ mt
with mc,t being the masses of charm and top quarks.
If xij = 0 except x11, (22) is already diagonalized and no extra flavor mixing is needed.
In this case, Mu
1
and Mu
2
can be diagonalized simultaneously. In general, off-diagonal ma-
trix element xij may not be zero, andM
u
1
andMu
2
can not be diagonalized simultaneously.
So tree level FCNC can be present. However, for |xij| ≪ x2,3 the matrices VL and VR that
further diagonalizeMu in (22) are all close to unit matrix. More specifically, we can write
Mu = VLm
uV †R where m
u is the diagonalized mass matrix of up-type quarks with real
eigenvalues m1,2,3 and possible U(1) factors, which do not change the conclusion about
FCNC, have been suppressed. To first order we find
VL ≈

 1 a12 a13−a∗
12
1 a23
−a∗
13
−a∗
23
1

 , VR ≈

 1 b12 b13−b∗
12
1 b23
−b∗
13
−b∗
23
1

 , (23)
where aij and bij satisfy |aij| ≪ 1 and |bij | ≪ 1. aij and bij are found to be
aij =
xijmj + x
∗
jimi
m2j −m2i
, bij =
xijmi + x
∗
jimj
m2j −m2i
, for i < j. (24)
For eigenvalues in mu, we have m2,3 ≈ x2,3 and m1 ≈ x11. Since mj ≫ mi for j > i, we
can find aij ≈ xij/mj and bij ≈ x∗ji/mj. We can see that non-zero off-diagonal elements
in VL,R are either of order mu/mc or of order mu/mt.
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After diagonalizing the mass matrix Mu, the coupling of φ1 with up-type quarks,
which originally mixes flavors, still mixes flavors. The strength of this FCNC coupling
is xij/|v1| ∼ mu/|v1|. After diagonalizing the mass matrix Mu, the coupling of φ2 with
up-type quarks, which is originally flavor diagonal, gives rise to new FCNC couplings.
For example, a flavor diagonal coupling (xi/v2)u¯
i
Lu
i
Rφ
0
2
, with φ0
2
being the neutral com-
ponent of φ2, becomes (xi/v2)(VL)
∗
ij(VR)iku¯
j
Lu
k
Rφ
0
2
after field re-definition using VL,R. At
first order, it gives rise to FCNC couplings (xi/v2)(VL)
∗
iju¯
j
Lu
i
Rφ
0
2
and (xi/v2)(VR)iju¯
i
Lu
j
Rφ
0
2
for j 6= i. As shown above, the off-diagonal matrix elements (VL)ij and (VR)ij with
i 6= j all have a strength ∼ |xij|/max(mi, mj) or ∼ |xji|/max(mi, mj) . So we can
find that these FCNC couplings induced in couplings with φ2 have strength ∼ xi/v2 ×
(|xij | or |xij|)/max(mi, mj) <∼ mu/v2. Summarizing these two cases, the strengths of the
FCNC couplings with up-type quarks are suppressed to be <∼ mu/|v1|.
Similarly, one can show that possible FCNC interactions of Higgs with down-type
quarks are also suppressed to be less than order md/|v1| if taking Md2 as the dominant
contribution to Md. If magnitude of v1 is not extremely small, FCNC couplings given by
Yukawa couplings in (5) can be safely neglected. For example, if |v1| ∼ 0.1 × v, FCNC
Higgs coupling with up-type quarks would be at most at order 10−4. Any possible FCNC
processes induced by these couplings would be suppressed by the square of this FCNC
amplitude, i.e. suppressed by a factor of order 10−8. However, if the magnitude of v1 is
extremely small, e. g. |v1| ∼ 10−3 v, the magnitude of Y1 would be large and there could
be dangerous FCNC couplings arising from it. To avoid possibly large FCNC couplings a
hierarchy between Y1 and Y2 is preferred. This implies that |v1| should not be very small.
We assume |v1| > 0.01 v.
We note that our arguments for suppressing FCNC are based on the assumption that
a hierarchy can exist in Y1 and Y2. For this assumption to hold, radiative corrections
should not change the hierarchy. In fact, the radiative correction to Y1 from couplings
of φ2 will be proportional to elements of Y1, so that the hierarchy between Y1 and Y2 is
not affected by the radiative corrections. This means that the suppression of FCNC is
robust against quantum correction. This is because we have taken Y u,d
2
as rank two and
if setting Y u,d
1
= 0 there is a chiral symmetry appearing in the Lagrangian which protects
the hierarchy.
Now we come to explain that the strong θ is naturally zero in this model. Using (6)
one can easily show that the determinant det(MuMd) is real and zero correction to θ can
be achieved if taking the rank of Y1 and Y2 both less than 3. For example, if taking Y1 or
M1 as rank one and Y2 or M2 as rank two we can write them as
M1 =

 x
u
11
v1 x
u
12
v1 x
u
13
v1
aux
u
11
v1 aux
u
12
v1 aux
u
13
v1
bux
u
11
v1 bux
u
12
v1 bux
u
13
v1

 , (25)
M2 = diag{0, yu2v2, yu3v2}, (26)
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where xuij , y
u
i , au and bu are all real numbers and y
u
2,3 are eigenvalues of Y
u
2
. We can find
det(Mu) = det(Mu
1
+Mu
2
) = xu
11
yu
2
yu
3
v1v2v2 (27)
Similar expression holds for Md
Md = Y d
1
v∗
1
+ Y d
2
v∗
2
. (28)
and we get
det(Md) = xd
11
yd
2
yd
3
v∗
1
v∗
2
v∗
2
. (29)
So we get
det(MuMd) = xu
11
yu
2
yu
3
xd
11
yd
2
yd
3
|v1|2|v2|4. (30)
(30) is real and arg(det(MuMd)) = 0. So the correction to θ is zero as can be seen in
(3). This statement relies on the fact that Y1 and Y2 all have ranks less than three, and
in particular the sum of the ranks of Y1 and Y2 equals to three. Radiative corrections can
change this feature and give rise to nonzero correction to θ.
We conclude that in model presented in this article the QCD θ is zero at tree level after
spontaneous generation of the CP violating phase in the CKM matrix and FCNC can be
naturally suppressed. In model presented here we have assumed that the two matrices of
Yukawa couplings both have rank less than three, and the sum of the ranks of two matrices
of Yukawa couplings equals to three. So the two Higgs doublets complement to each other
in the sense that they together give rise to the complete quark mass matrices and none
of them is enough without the help of other Higgs doublet. In this sense, we can call this
model of two Higgs doublets as Complementary two Higgs doublet model(C2HDM).
As discussed in the previous section, spontaneous generation of the CP violating phase
in the CKM matrix can be achieved using matrices of Yukawa couplings with rank less
than three and in particular in C2HDM. Moreover, the Yukawa couplings used in the
last section, (8) and (9), satisfy the assumption in this section and indeed lead to zero
contribution to θ at tree level.
Since the discussion on strong θ in this section depends on the assumption of Yukawa
couplings, it’s natural to ask what is the effect of radiative correction on the assumed
Yukawa couplings and what is the effect on the size of the induced strong θ. In the next
section we will study this question.
4 Radiative correction to Yukawa coupling and strong θ
In this section we study radiative correction to Yukawa couplings and the correction to
θ term arising from it. A general discussion on the correction to θ term seems very
complicated. We are not going to do a general discussion, but rather to show that the
8
radiative correction to (8) and (9) would lead to a correction to strong θ at order 10−12 ∼
10−10 at one-loop level. With this example, we illustrate that a small enough strong
θ, being consistent with experimental bound, can be achieved in model of spontaneous
generation of the CP violating phase in the CKM matrix.
One-loop radiative correction to Yukawa couplings can be read out in their Renormal-
ization Group Equation(RGE) as shown in (42) and (43). Yukawa couplings in (8) and
(9) have a nice feature
Tr[Y ui Y
u†
j ] = Tr[Y
d
i Y
d†
j ] = 0, for i 6= j . (31)
If we further assume Y li , the Yukawa coupling of charged leptons, also has a similar feature
Tr[Y l†i Y
l
j ] = 0, for i 6= j, (32)
RGEs in (42) and (43) can be simplified. In particular, the second term in (42) or (43)
can be combined with the first term and part of the last term can be combined with the
third term. Moreover, in this case Y li would appear in factor A
u,d
i and can be omitted in
future discussion. So we arrive at (45) and (46) .
Using (45) and (46) we can see that the one loop corrected Yukawa couplings are
Y
′u
1
= Y u
1
+ ǫ[−Au
1
Y u
1
+Bu
1
Y u
1
+ Y u
1
Cu − 2Y d
2
Y d†
1
Y u
2
], (33)
Y
′u
2
= Y u
2
+ ǫ[−Au
2
Y u
2
+Bu
2
Y u
2
+ Y u
2
Cu], (34)
Y
′d
1
= Y d
1
+ ǫ[−Ad
1
Y d
1
+Bd
1
Y u
1
+ Y d
1
Cd], (35)
Y
′d
2
= Y d
2
+ ǫ[−Ad
2
Y d
2
+Bd
2
Y d
2
+ Y d
2
Cd], (36)
where we have used (56) and ǫ = log(µ/Λ)/(16π2). ǫ is a small number and ǫ2 would
be smaller than around 10−3 for Λ lower than around 105 GeV which means the new
physics scale is no more than three orders of magnitude higher than the electroweak
scale. Y d
2
Y d†
1
Y u
2
in (33) is found to be rank one and is given in (55). Other Y di Y
d†
j Y
u
i and
Y ui Y
u†
j Y
d
i terms in (45) and (46) are found to be zero. The mass matrices of up-type and
down-type quarks are obtained as
M
′u = Y
′u
1
v1 + Y
′u
2
v2
= Xu
1
Y u
1
v1 + ǫY
u
1
Cuv1 +X
u
2
Y u
2
v2 + ǫY
u
2
Cuv2 − 2ǫY d2 Y d†1 Y u2 v1, (37)
M
′d = Y
′d
1
v∗
1
+ Y
′d
2
v∗
2
= Xd
1
Y d
1
v∗
1
+ ǫY d
1
Cdv∗
1
+Xd
2
Y d
2
v∗
2
+ ǫY d
2
Cdv∗
2
, (38)
where Xu,di = 1− ǫAu,di + ǫBu,di (i = 1, 2) are real matrices with rank three.
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Now we can compute the determinant of M
′u and M
′d. The leading term of det(M
′u)
is proportional to v1v
2
2
and is v1v
2
2
gu
1
hu
2
hu
3
. Possible corrections to the v1v
2
2
term do not
change the conclusion of the discussion below and will be omitted. Sub-leading terms in
det(M
′u) can be proportional to v3
1
, v2
1
v2 or v
3
2
. The term proportional to v3
2
comes from
det(v2X
u
2
Y u
2
+ ǫv2Y
u
2
Cu) and as shown in Appendix B it is zero. Similarly, one can show
that the term proportional to v3
1
vanishes. The leading non-zero correction is the term
proportional to v2
1
v2 as given in (61) and (62) . Thus, we obtain det(M
′u) as
det(M
′u) = v1v
2
2
gu
1
hu
2
hu
3
− 3ǫ2v2
1
v2(g
d
2
hd
2
− gd
1
hd
1
)s13c12s12c23s23[(h
u
3
)2 − (hu
2
)2]gu
1
hu
2
hu
3
, (39)
where smaller correction in (62) has been neglected.
The leading term of det(M
′d) is proportional to v∗
1
(v∗
2
)2 and is v∗
1
(v∗
2
)2gd
1
hd
2
hd
3
. Possible
corrections to the v∗
1
(v∗
2
)2 term do not change the conclusion of the discussion below and
will be omitted. Sub-leading terms in det(M
′d) can be proportional to (v∗
1
)3, (v∗
1
)2v∗
2
or
(v∗
2
)3. The term proportional to (v∗
1
)3 comes from det(v∗
1
Xd
1
Y d
1
+ ǫv∗
1
Y d
1
Cd) and as shown
in Appendix B it is zero. Terms proportional to (v∗
2
)3 and (v∗
1
)2v∗
2
are calculated in (64)
and (65). Combining these results we can get
det(M
′d) = v∗
1
(v∗
2
)2gd
1
hd
2
hd
3
+
1
2
ǫ2[(v∗
2
)3 + (v∗
1
)2v∗
2
]s13c12s12c23s23g
d
1
hd
2
hd
3
[(hu
3
)2 − (hu
2
)2](gd
2
hd
2
− gd
1
hd
1
). (40)
A common factor in (39) and (40) is s13c12s12c23s23(g
d
2
hd
2
−gd
1
hd
1
) ∼ 10−5(ms/v)2(v2/|v1v2|) ∼
10−11 × (v2/|v1v2|). One can see that for |v1| ≪ |v2| correction in (39) is of order 10−11ǫ2
and correction in (40) is of order 10−11(v2/|v1|2)ǫ2. So we have
det(M
′uM
′d) = |v1|2|v2|4gu1hu2hu3gd1hd2hd3 × [1 +O(10−11)×
v2
|v1|2 × ǫ
2] (41)
We can see that the radiative correction to the determinant of MuMd is of order 10−12
for |v1| ∼ 0.1v and for ǫ2 ≈ 10−3 which corresponds to the new physics scale being three
orders of magnitude higher than the electroweak scale. The radiative correction would be
smaller if new physics scale is closer to the electroweak scale. One can also see that if |v1|
is too small, e.g. |v1| <∼ 10−2 v, the radiative correction would be too large and it could
give rise to a strong θ reaching the experimental bound. Since the Yukawa couplings of the
first generation fermions are proportional to 1/v1, |v1| should not be too small as argued
for naturally suppressing possible FCNC couplings. In particular we have assumed that
|v1| > 0.01 v. We can conclude that for reasonable values of parameters, the radiative
correction to the determinant of MuMd is smaller than order of 10−12 ∼ 10−10. So its
correction to strong θ is also smaller than order 10−12 ∼ 10−10.
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Combining the conclusions in the last section and this section, we can see that in the
scenario discussed in this article, i.e. with (8) and (9), strong θ is zero at leading order
and can be generated at one-loop level, but is smaller than around 10−12 ∼ 10−10. This
prediction can be tested in future EDM experiment [14].
5 Conclusion
In summary, we have presented a model of spontaneous CP violation. CP symmetry is
exact before the spontaneous symmetry breaking. The CP violating phase in the CKM
matrix is generated spontaneously in this model. We show that it is possible to achieve a
zero strong θ even after the spontaneous breaking of CP symmetry in such kind of model.
We show that zero strong θ term can be achieved if the two Higgs doublets involved
in the setup are complementary in the sense that they are both needed to describe the
quark masses and none of them is enough. To be specific, the ranks of the two Yukawa
couplings with a specific type of quark, say up-type quark or down-type quark, can be
rank two and rank one and their sum is three. We have called this kind of model of two
Higgs doublets as C2HMD, the Complementary 2HDM. It’s straightforward to show that
similar conclusion can be achieved if there are three Higgs doublets and each them couple
to the quark fields with a rank one Yukawa coupling, similar to the case that each Higgs
doublet coupled with one generation of quarks.
In a specific model with specific Yukawa couplings, we have studied the radiative
correction to the assumed Yukawa couplings and have discussed the robustness of the
above statement on strong θ. We find in this example that correction to strong θ can vary
from 10−12, much smaller than the experimental bound, to 10−10 reaching the experimental
bound, depending on the Yukawa couplings of the first generation quarks. Using this
example, we demonstrate that it is possible to have a very small strong θ term in model
of spontaneous generation of the CP violating phase in the CKM matrix even if radiative
correction to the assumed scenario is considered into account. A general discussion on
this part seems complicated and we have left it to future study.
We have shown that in the set-up discussed in the present article, say C2HDM, not
only the CP violating phase in CKM matrix can be generated spontaneously and strong
θ is naturally zero or very small, but also the the dangerous FCNC can be naturally
suppressed. The point is that one of the Higgs doublets in the complementary pair of the
two Higgs doublets can be the dominant one and FCNC would naturally vanish without
the other complementary Higgs doublet. So the appearance of FCNC coupling would be
proportional to the strength of the other Yukawa coupling and is suppressed by quantities
∼ mu/|v1| or md/|v1|.
We note that one interesting consequence of the model is that the Yukawa coupling of
the first generation is around ∼ mq/|v1| which can be much larger than the corresponding
Yukawa couplings in the SM. For example, the Yukawa couplings of the first generation
quarks can be ten times larger than that in the SM if |v1| ∼ 0.1v, or even larger if
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|v1| is even smaller. The strength of the coupling of the light neutral Higgs with first
generation quarks would be proportional to ∼ sinα mq/|v1| with α being the mixing
angle of neutral Higgs field. The strength of the coupling of the heavy neutral Higgs
would be proportional to ∼ cosα mq/|v1|. They both have a possibility to be much larger
than what usually expected in 2HDMs. This may give rise to interesting implications
for Higgs phenomenology. Since the radiative correction to strong θ also depends on
the Yukawa couplings of the first generation quarks, measuring and testing the Yukawa
couplings seem to be a very interesting subject to study.
We note that the SM can not give a successful explanation of the baryon-number
generation in the universe. Physics beyond the SM and new source of CP violation
are needed to implement a baryon-number generation in the early universe. Since CP
symmetry is broken spontaneously in our model, sufficient baryon-number generation
should also be implemented by the model. Some other interesting topics include the CP
violating phase in the leptonic sector and the impact to neutrino mixings [15]. In the
present paper we do not discuss all these related issues and leave them to future research.
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Appendix A
RGEs for Yukawa coupling Y ui and Y
d
i for a general two-Higgs doublet model are [13]:
16π2
d
dlnµ
Y ui = −AuY ui +
∑
j
Tr[Nc(Y
u
i Y
u†
j + Y
d
j Y
d†
i ) + Y
l†
i Y
l
j ]Y
u
j
+
1
2
∑
j
(Y uj Y
u†
j + Y
d
j Y
d†
j )Y
u
i + Y
u
i
∑
j
Y u†j Y
u
j − 2
∑
j
Y dj Y
d†
i Y
u
j , (42)
16π2
d
dlnµ
Y di = −AdY di +
∑
j
Tr[Nc(Y
d
i Y
d†
j + Y
u
j Y
u†
i ) + Y
l
i Y
l†
j ]Y
d
j
+
1
2
∑
j
(Y uj Y
u†
j + Y
d
j Y
d†
j )Y
d
i + Y
d
i
∑
j
Y d†j Y
d
j − 2
∑
j
Y uj Y
u†
i Y
d
j , (43)
where Y li is the Yukawa coupling of charged lepton, Nc = 3, and
Au = 8g2
3
+
9
4
g2
2
+
17
12
g2
1
, Ad = 8g2
3
+
9
4
g2
2
+
5
12
g2
1
(44)
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with g1,2,3 the gauge couplings of U(1)Y , SU(2)L and SU(3)C groups respectively.
With assumption of (31) and (32), (42) and (46) can be written as
16π2
d
dlnµ
Y ui = −Aui Y ui +Bui Y ui + Y ui Cu − 2
∑
j 6=i
Y dj Y
d†
i Y
u
j , (45)
16π2
d
dlnµ
Y di = −Adi Y di +Bdi Y di + Y di Cd − 2
∑
j 6=i
Y uj Y
u†
i Y
d
j , (46)
where using (8) and (9) Au,di , B
u,d
i and C
u,d
i are given as
Au,di = A
u,d − Tr[Nc(Y ui Y u†i + Y di Y d†i ) + Y li Y l†i ], (47)
Bu
1
= B − 2K13 diag{gd1)2c212 + (gd2)2s212, 0, 0} K†13, (48)
Bu
2
= B − 2K13 diag{0, (hd1)2s212 + (hd2)2c212, (hd3)2} K†13, (49)
Bd
1
= B − 2K†
23
diag{(gu
1
)2, 0, 0} K23, (50)
Bd
2
= B − 2K†
23
diag{0, (hu
2
)2, (hu
3
)2} K23, (51)
where
B =
1
2
K†
23
diag{(gu
1
)2, (hu
2
)2, (hu
3
)2} K23
+
1
2
K13 diag{(gd1)2c212 + (gd2)2s212, (hd1)2s212 + (hd2)2c212, (hd3)2} K†13, (52)
and
Cu = diag {(gu
1
)2, (hu
2
)2, (hu
3
)2}, (53)
Cd =

 (g
d
1
)2c2
12
+ (hd
1
)2s2
12
(gd
1
gd
2
− hd
1
hd
2
)s12c12 0
(gd
1
gd
2
− hd
1
hd
2
)s12c12 (g
d
2
)2s2
12
+ (hd
2
)2c2
12
0
0 0 (hd
3
)2

 . (54)
Appendix B
Using (8) and (9) one can find that the last terms in (45) and (46) are
Y d
2
Y d†
1
Y u
2
=

0 0 00 0 −sd
0 0 0

K†
23
hu, (55)
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where sd = s13c12s12(h
d
2
gd
2
− hd
1
gd
1
), and
Y d
1
Y d†
2
Y u
1
= Y u
1
Y u†
2
Y d
1
= Y u
2
Y u†
1
Y d
2
= 0. (56)
One can also find from (Y u
2
)1i = (Y
u
2
)i1 = 0 that
(Y u
2
Cu)1i = (Y
u
2
Cu)i1 = (X
u
2
Y u
2
)i1 = 0, i = 1, 2, 3. (57)
Determinant of M
′u in (37) is calculated as follows.
1) v3
2
term in det(M
′u) comes from det(Xu
2
Y u
2
v2 + ǫY
u
2
Cuv2). Using the fact that Y
u
2
is
rank two and (Y u
2
Cu)1i = 0 we can get
det(Xu
2
Y u
2
v2 + ǫY
u
2
Cuv2) = v
3
2
εijk[ǫ(Xu
2
Y u
2
)1i(X
u
2
Y u
2
)2j(Y
uCu)3k
+ ǫ(Xu
2
Y u
2
)1i(Y
uCu)2j(X
u
2
Y u
2
)3k + ǫ
2(Xu
2
Y u
2
)1i(Y
uCu)2j(Y
uCu)3k]. (58)
Since one of the i, j, k has to be 1, according to (57), none of the three terms in (58) is
nonzero. So the term proportional to v3
2
is zero.
2) v3
1
terms in det(M
′u) comes from det(XuY u
1
v1 + ǫY
u
1
Cuv1 − 2ǫY d2 Y d†1 Y u2 v1). Since
(Y d
2
Y d†
1
Y u
2
)1i = (Y
d
2
Y d†
1
Y u
2
)3i = 0 as shown in (55), we can get
det[Xu
1
Y u
1
v1 + ǫY
u
1
Cuv1 − 2ǫY d2 Y d†1 Y u2 v1]
= −2ǫ2v3
1
εijk[(Xu
1
Y u
1
)1i(Y
u
1
Cu)3k + (Y
u
1
Cu)1i(X
u
1
Y u
1
)3k](Y
d
2
Y d†
1
Y u
2
)2j , (59)
Since (Y u
1
Cu)3k = 0, (X
u
1
Y u
1
)3k = 0 for k = 2 or 3 and (Y
u
1
Cu)1i = 0 for i = 2 or 3, we
can see that (59) is zero.
3) v2
1
v2 term det(M
′u) have two factors of v1. Similar to discussion above for (59), we
can find that εijk(Xu
1
Y u
1
)ai(Y
u
1
Cu)bj = 0 and these two factors of v1 can not both come
from Xu
1
Y u
1
+ ǫY u
1
Cu. One can find that the v2
1
v2 term is
−2ǫv2
1
v2ε
ijk[(Xu
1
Y u
1
+ ǫY u
1
Cu)1i(Y
d
2
Y d†
1
Y u
2
)2j(X
u
2
Y u
2
+ ǫY u
2
Cu)3k
+ (Xu
2
Y u
2
+ ǫY u
2
Cu)1i(Y
d
2
Y d†
1
Y u
2
)2j(X
u
1
Y u
1
+ ǫY u
1
Cu)3k]. (60)
Using (Y d
2
Y d†
1
Y u
2
)2j = sd(Y
u
2
)3j as shown in (55), the first term in (60) can be found to be
−2ǫv2
1
v2ε
ijk(Xu
1
Y u
1
+ ǫY u
1
Cu)1isd(Y
u
2
)3j[(1− ǫAu2)Y u3k + (ǫBu2Y u2 + ǫY u2 Cu)3k]
= −2ǫ2v2
1
v2ε
ijk(Xu
1
Y u
1
+ ǫY u
1
Cu)1isd(Y
u
2
)3j(B
u
2
Y u
2
+ ǫY u
2
Cu)3k
≈ −2ǫ2v2
1
v2sdε
ijk(Y u
1
)11δi1(Y
u
2
)3j [(B
u
2
)32(Y
u
2
)2k + (Y
u
2
)3k(C
u)kk]
= −2ǫ2v2
1
v2sd(B
u
2
)32(Y
u
1
)11[ε
1jk(Y u
2
)3j(Y
u
2
)2k + (Y
u
2
)32(Y
u
2
)33((C
u)33 − (Cu)22)]
= −3ǫ2sdv21v2[(hu3)2 − (hu2)2]gu1hu2hu3c23s23, (61)
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where sd is given after (55). The second term in (60) can be found to be
−2ǫ3v2
1
v2ε
ijksd(B
u
2
Y u
2
+ Y u
2
Cu)1i(B
u
1
Y u
1
+ Y u
1
Cu)3k
= −2ǫ3v2
1
v2ε
ijksd(B
u
2
)12(B
u
1
)31(Y
u
2
)2i(Y
u
2
)3j(Y
u
1
)11δk1
= −2ǫ3v2
1
v2sd(B
u
2
)12(B
u
1
)31g
u
1
hu
2
hu
3
, (62)
where we have used (Y u
1
)3k = (Y
u
2
)1i = 0. Comparing with (61), (62) is at higher order
and can be neglected.
Determinant of M
′d in (38) is calculated as follows.
det(M
′d) can be computed using Mˆ
′d = K†
13
M
′d
Mˆ
′d = Xˆd
1
Yˆ d
1
+ ǫYˆ d
1
Cdv∗
1
+ Xˆd
2
Yˆ d
2
v∗
2
+ ǫYˆ d
2
Cdv∗
2
, (63)
where Xˆd
1,2 = K
†
13
Xˆd
1,2K13 = 1− ǫAd1,2+ ǫBˆd1,2 with Bˆd1,2 = K†13 Bd1,2 K13, Yˆ d1,2 = K†13Y12. As
can be seen in (9), we would have (Yˆ d
1
)2i = (Yˆ
d
1
)3i = (Yˆ
d
1
)13 = 0 and (Yˆ
d
2
)1i = (Yˆ
d
2
)23 =
(Yˆ d
2
)31 = (Yˆ
d
2
)32 = 0.
4) (v∗
1
)3 term in det(Mˆ
′d) comes from det(v∗
1
Xˆd
1
Yˆ d
1
+ǫv∗
1
Yˆ d
1
Cd). Two matrices appearing
in it are both rank one. So the determinant of this 3× 3 matrix must be zero.
5) (v∗
1
)2v∗
2
term in det(Mˆ
′d) should have contributions from both v∗
1
Xˆd
1
Yˆ d
1
and ǫv∗
1
Yˆ d
1
Cd
since they are both rank one. Since (Yˆ d
1
Cd)2i = (Yˆ
d
1
Cd)3i = 0 and (Yˆ
d
1
)13 = (Yˆ
d
2
)23 =
(Yˆ d
1
Cd)13 = 0, this part of the determinant is
ǫ(v∗
1
)2v∗
2
εijk(Yˆ d
1
Cd)1i[(Xˆ
d
1
Yˆ d
1
)2j(Xˆ
d
2
Yˆ d
2
+ ǫYˆ d
2
Cd)3k + (Xˆ
d
2
Yˆ d
2
+ ǫYˆ d
2
Cd)2j(Xˆ
d
1
Yˆ d
1
)3k]
= ǫ2(v∗
1
)2v∗
2
εijk(Yˆ d
1
Cd)1i[(Bˆ
d
1
)21(Yˆ
d
1
)1j(Xˆ
d
2
Yˆ d
2
+ ǫYˆ d
2
Cd)3k + (Xˆ
d
2
Yˆ d
2
+ ǫYˆ d
2
Cd)2j(Bˆ
d
1
)31(Yˆ
d
1
)1k]
≈ ǫ2(v∗
1
)2v∗
2
εijk(Yˆ d
1
Cd)1i[(Bˆ
d
1
)21(Yˆ
d
1
)1j(Yˆ
d
2
)3k + (Yˆ
d
2
)2j(Bˆ
d
1
)31(Yˆ
d
1
)1k]
= ǫ2(v∗
1
)2v∗
2
εijk(Bˆd
1
)21[(Yˆ
d
1
Cd)11(Yˆ
d
1
)12 − (Yˆ d1 Cd)12(Yˆ d1 )11](Yˆ d2 )33
=
1
2
ǫ2(v∗
1
)2v∗
2
s23c23s13s12c12h
d
3
hd
2
gd
1
(gd
2
hd
2
− gd
1
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1
)[(hu
3
)2 − (hu
2
)2]. (64)
In the fourth line in (64) we have used the fact that the factors times (Bˆd
1
)31 is zero since
if any one of the i, j, k indices equals to 3, an associated factor would be zero.
6) (v∗
2
)3 term comes from det(v∗
2
Xˆd
2
Yˆ d
2
+ v∗
2
ǫYˆ d
2
Cd). The leading term in it is det[(1−
ǫAd
2
)Yˆ d
2
+ ǫYˆ d
2
Cd] = det[Yˆ d
2
(1 − ǫAd
2
ǫCd)] = det(Yˆ d
2
) det(1 − ǫAd
2
+ ǫCd) = 0. Since
(Yˆ d
2
)1i = 0, (Yˆ
d
2
)31 = (Yˆ
d
2
)32 = 0 and (Yˆ
d
2
Cd)31 = (Yˆ
d
2
Cd)32 = 0, the leading non-zero term
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is
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2
)3εijk(Bˆd
2
Yˆ d
2
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2
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2
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2
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)3εijk[(Bˆd
2
)13(Yˆ
d
2
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2
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2
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d
2
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2
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2
)3k]
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2
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= ǫ2(v∗
2
)3ε3jk(Bˆd
2
)12(Yˆ
d
2
)2k′(C
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2
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)2j
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2
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), (65)
where in the fourth line we have used εijk(Yˆ d
2
Cd)3k(Yˆ
d
2
)3i = 0.
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